It is well-known that every proof net of MNCLL(Multiplicative fragment of Non-Commutative Linear Logic), can be drawll as a plane Dallos-Regnier $\mathrm{g}\mathrm{l}\cdot \mathrm{a}\mathrm{p}\mathrm{h}$ $(\mathrm{d}\mathrm{l}\cdot \mathrm{a}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g})$ sat,isfying the switching colldition of Danos-Regnier ([3]). Ill tllis $1$) $\mathrm{a}\mathrm{p}\mathrm{e}\mathrm{r}$ , we sllow the reverse $\mathrm{d}\mathrm{i}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ that every plane Danos-Regnier graph (drawing) with one terminal edge satisfying the switching condition $1^{\cdot}\mathrm{e}\mathrm{p}\mathrm{l}\cdot \mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}$ a ullique MNCLL $\mathrm{P}^{\mathrm{l}\mathrm{o}\mathrm{o}\mathrm{f}}$ net (unique $\iota 1\mathrm{p}$ to the dual mirror images). Ill the course of provillg this, we also give the $\mathrm{c}1_{1\mathrm{a}\mathrm{l}\mathrm{a}}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{Z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{D}$ of the MNCLL proof net,$ \mathrm{s}$ by nleans of the notion of $\mathrm{s}\mathrm{f},1^{\cdot}\mathrm{o}\mathrm{n}\mathrm{g}$ plallity of a Dallos-Regnier graph. as well as the notion of a cert,ain longtrip condition, called the stack-condition. of a Danos-Regnier graph. t,he latter of which is related to Abmci's balanced long-trip condition ([2]). In our full-paper version, we shall also apply our results to hltuitionist,ic Linear Logic, and obtain a cllaracterization theorem for Multiplicative Intuitionistic Non-Conmmtat,ive Linear Logic, in ternus of signed Danos-Regnier graphs.
1 Introduction.
It is well-known that the proof nets of $\mathrm{M}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{l}$ ) $\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{a}$ tive $(\mathrm{C}_{011\mathrm{l}}\mathrm{n}111\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\backslash \gamma \mathrm{e})$ Linear Logic (MLL) are $\mathrm{c}\mathrm{h}\mathrm{a}\Gamma \mathrm{d}\mathrm{c}\cdot \mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{Z}\mathrm{e}\mathrm{d}$ by a simple and elegant $\mathrm{g}\mathrm{l}\cdot \mathrm{a}\mathrm{p}\mathrm{h}-\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{c}$ . condition, saying that any Danos-Regnier graph is a proof net of $\beta_{\mathrm{v}}\mathrm{t}\mathrm{L}\mathrm{L}$ if an( $1$ onlv if it is a( $\mathrm{y}\mathrm{t}\cdot \mathrm{l}\mathrm{i}\mathrm{c}$ and connected uncler any clloice of $1$) $\mathrm{a}\mathrm{r}$ -link switching ( $\mathrm{c}\cdot \mathrm{f}$ . Danos-Regnier [3] ). This (( $11\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{i}_{0}\mathrm{n}$ is sometinles (alle( $1$ as the (Danos-Regnier) switching condition. This characterization is a $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{d}$ $\mathrm{v}\mathrm{e}1^{\cdot}\mathrm{s}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ of a famous result of Girard ([4] ), which is called the $\mathrm{l}\mathrm{o}\mathrm{n}\mathrm{g}-\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{p}$ condition. It has been well-kllown that any proof net of Multiplicative Non-Commutative Linear Logic can $1)\mathrm{e}\mathrm{d}\mathrm{r}\mathrm{a}\mathrm{W}\mathrm{l}\mathrm{l}$ as a plane $\mathrm{g}\mathrm{r}\mathrm{a}_{1}$) $\mathrm{h}$ . Hence, a $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ net of $\mathrm{M}\mathrm{t}11\mathrm{t}\mathrm{i}1^{)}1\mathrm{i}\mathrm{C}^{\cdot}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{N}\mathrm{o}\mathrm{n}-\mathrm{c}_{\mathrm{o}\mathrm{n}}1111\mathrm{U}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ Linear Logic is a Danos-Regnier graph which not only satisfies the Danos-Regnier condition but also is $1$) $\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{r}$ . It has been a $1\mathrm{o}\mathrm{n}\mathrm{g}-\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{e}$ open question if or not the reverse direction is true. The $\mathrm{P}^{\mathrm{u}\mathrm{r}}1^{)\mathrm{O}\mathrm{S}\mathrm{e}}$ of this paper is to answer to this question $\mathrm{a}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}\mathrm{l}\mathrm{y}$ ; we show that any plane Danos-Regnier graph drawing with one terlninal edge satisfying the switch-$\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ condition represents a unique proof net of $\mathrm{M}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{1}\supset 1\mathrm{i}_{\mathrm{C}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{N}_{\mathrm{o}\mathrm{n}-}\mathrm{c}_{0}^{1}\mathrm{m}\mathrm{l}\mathrm{n}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ Linear Logic $1\mathrm{n}\mathrm{o}\mathrm{d}_{\mathrm{U}\mathrm{l}\mathrm{o}}$ the lllirror illlages (namely, it is interpretable to exactly two different non-(( $1\mathrm{l}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{b}\gamma \mathrm{e}$ proof nets, each of $\mathrm{w}\mathrm{h}\mathrm{i}$ ( $\mathrm{h}$ is the mirror ilnage of the other). We also give a relationship of our purely graph-theoretic In the $\mathrm{c}\cdot 0\iota \mathrm{r}\mathrm{s}\mathrm{e}$ of our characterization proof, we introduce llew notions of strong planity of a $\mathrm{g}\mathrm{r}\mathrm{a}_{1}\mathrm{J}\mathrm{h}$ , and of the stack condition of a long-trip; roughly $\mathrm{s}_{1}\mathrm{J}\mathrm{e}A\mathrm{i}\mathrm{n}\mathrm{g}$ , a marked DanosIiegnier graph is strongly plaaiar if it is not only planar but also h..as In the llext Section (Section 2) we show that any non-colnmutat,ive $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ net (i.e., a proof net of Multiplicative $\mathrm{N}_{\mathrm{o}\mathrm{n}-}\mathrm{c}\{\mathrm{o}\mathrm{m}\mathrm{l}\mathrm{n}\mathrm{u}\mathrm{t}\mathrm{a}$ tive Linear Logic) is a strongly planar marked Danos-Regnier $\mathrm{g}\mathrm{r}\mathrm{a}_{1}\mathrm{J}\mathrm{h}$ satisfying the switching condition. In Section 3, we show that any $\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\backslash \cdot \mathrm{e}1)\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ net is a strongly plallar nlarked Danos-Regnier graph satisfying the switching condition. In Section 4, the $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{V}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{c}\cdot \mathrm{e}$ between the $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{c}\cdot \mathrm{k}$ condition and Abruci's $1_{01\mathrm{l}}\mathrm{g}$ -trip condition is established. In Section 5, we show that if a lnarked DanosRegnier $\mathrm{g}\mathrm{r}\mathrm{a}_{1)}\mathrm{h}$ satisfies the stack condition it is $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\cdot 1$ ) $\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ as a $\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{l}-\mathrm{C}^{\cdot}0\mathrm{l}\mathrm{n}\mathrm{m}\mathrm{U}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ proof llet uniquely. In Section 6, we $1$) $\mathrm{r}\mathrm{o}\mathrm{v}\mathrm{e}$ that any $\mathrm{S}\mathrm{t}\mathrm{l}\cdot \mathrm{o}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{y}1$ ) $\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{r}$ marked Danos-Regnier $\mathrm{g}1^{\cdot}\mathrm{a}_{1})\mathrm{h}$ satisfying the switching condition also satisfies the $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{c}\cdot \mathrm{k}$ condition, $\mathrm{w}1_{1}\mathrm{i}\mathrm{c}\mathrm{h}$ establishes the equivalence between the $\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{C}\mathrm{O}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{m}\iota \mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}_{1^{)\mathrm{r}\mathrm{o}\mathrm{O}}}\mathrm{f}$ nets and the three characterizations above. $\mathrm{S}\mathrm{i}\mathrm{n}(\mathrm{e}$ any plane $\mathrm{n}\mathrm{l}\mathrm{a}1^{\backslash }\mathrm{k}\mathrm{e}\mathrm{d}$ Danos-Regnier $\mathrm{g}\mathrm{r}\mathrm{a}_{1)}\mathrm{h}$ drawing has a unique way to lllal\e' a strongly planar $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{r}1_{\backslash }\mathrm{e}\mathrm{C}1$ Danos-Regnier $\mathrm{g}1^{\cdot}\mathrm{a}1^{\mathrm{h}}$ ) ( $\iota 11\mathrm{l}\mathrm{i}\mathrm{q}\iota \mathrm{l}\mathrm{e}$ up to the $\mathrm{i}^{\mathrm{c}_{)(\mathrm{m}\mathrm{o}}},' \mathrm{r}_{1^{\mathrm{J}\mathrm{h}}\mathrm{l}}\mathrm{i}\mathrm{C}\mathrm{n}\mathrm{i}\mathrm{r}\mathrm{r}\mathrm{o}\mathrm{l}$ . $\mathrm{i}_{11}1\mathrm{a}\mathrm{g}\mathrm{e}|\mathrm{s}\mathrm{t})$ as a $\mathrm{c}\mathrm{o}\mathrm{l}\cdot \mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\Gamma \mathrm{V}\backslash$ of the $\mathrm{a}\mathrm{I}$ ) $\mathrm{O}\backslash ' \mathrm{e}$ , we $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}$ ) $\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{h}$ the lnaiIl $\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{i}\mathrm{z}\mathrm{d}$ tion $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln$ that ally plane Danos-Regnier $\mathrm{g}\mathrm{r}\mathrm{a}_{1}$ ) $\mathrm{h}$ drawing with one $\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{l}$ edge, $|\mathrm{C}^{1\mathrm{a}\{\mathrm{i}\mathrm{s}\mathrm{f}..\mathrm{i}},\backslash^{\gamma}1$ the switching condition, represents a unique non-colnmutative proof net (modulo the isomorphic mirror $\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{g}\mathrm{e}\mathrm{s})$ , and vice versa. This $\mathrm{c}\mathrm{h}\mathrm{a}1^{\backslash }\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ theorem gives the $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\{\mathrm{i}_{0}\mathrm{I}\mathrm{l}\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{p}$ between the notion of $\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{c}\mathrm{o}\mathrm{n}1\mathrm{m}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{V}}\mathrm{i}\mathrm{t}\mathrm{V}$ in logic and the llotion of planity ill $\mathrm{g}\mathrm{r}\mathrm{a}_{1}$ ) $\mathrm{h}$ theory. [3] for the notion of par-switchings).
We call the condition that a D-R graph is always acyclic and collne( $.\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{l}$ under any choice of par-switchings, as the switching condihon.
As we noted earlier, a non-comlnutative proof net is a proof net of MLL, and so it can be drawn as a D-R graph. By a mirror image of a marked D-R graph drawing, we mean the reflection of the marked D-R graph drawing in the mirror: Thus any clockwisely directed marked D-R graph drawing has the mirror image, which is counter-clockwisely directed.
As a matter of $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}$ , for a strongly planar $\mathrm{g}\mathrm{r}\mathrm{a}_{1}$) $\mathrm{h}G$ we always consider its uniformly directed plane graph drawing. Moreover we nlay.assrme that the links in the graph drawing are clockwisely directed, by taking its mirror image if necessary.
Let the in-edges $\mathrm{L}$ (left) and $\mathrm{R}$ (right) of a tensor-link (or a par-link) be labeled with Proof. The equivalence between (1) and (2) follows frolll Definition 3.7. The equivalence between (2) and (3) follows $\mathrm{f}\mathrm{r}\mathrm{o}\ln$ Proposition 3.5. Cut. We $\mathrm{c}\mathrm{a}\mathrm{I}\mathrm{l}$ argue $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{a}\Gamma 1.\}'$ to the case of $\mathrm{t}\mathrm{e}11\mathrm{S}\mathrm{O}1^{\backslash }$ .
$\square$ 4 Equivalence between Stack Condition and Abruci's Long Trip Condition.
In this section, we give the notions of the long tril) condition and the stack condition, $\mathrm{a}11 (1$ show the equivalence between the two. The long trip condition was originally given by Abruci, in order to $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{i}\mathrm{Z}\mathrm{e}$ a multiplicative non-conlmutative Linear Logic MNLL ( [2] ). The systenl MNLL is not equivalent to $\mathrm{M}\mathrm{N}\mathrm{C}^{1}\mathrm{L}\mathrm{L}_{\backslash }$ because $\mathrm{s}\mathfrak{c}$ ) $\mathrm{q}_{1}\mathrm{e}\mathrm{n}\mathrm{t}\vdash A,$ $A^{\perp}$ is not a theorem, while sequent $\vdash A^{\perp},$ $\mathrm{a}4$ is, in MNLL due to the lack of tlle Shift rule.
The long trip condition is defined by a special trip, $\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{c}\cdot 1_{1}$ is a long trip with restrictions.
Because system MNCLL is defined with the Shift rule, the long $\mathrm{t}\mathrm{r}\mathrm{i}_{1}$ )( $.\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ for MNCLL will $1$ ) $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}$ much simpler than that for MNLL.
The notion of a stack cond,ition is obtained $\mathrm{f}_{\Gamma \mathrm{O}}\mathrm{n}$ ) $\lambda 11$ attenlpt to analyze the $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{s}}\mathrm{h}\mathrm{i}_{1}$ ) between the strong planity and the long trip $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ , we show at tlle end of this $\mathrm{s}\mathrm{e}\mathrm{c}.\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ , the precise correspondence between the long $\mathrm{t}\mathrm{r}\mathrm{i}_{1}$ ) condition in MNCLL and the stack condition.
Let us note that marked D-R graph $C_{7}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\Phi \mathrm{i}\mathrm{n}\mathrm{g}$ the $\mathrm{s}\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{C}\mathrm{h}\mathrm{i}\mathrm{l}\mathrm{t}\cdot 011(\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ is by Theorenl 2.7, a proof net of MLL. Now we show how t,o adapt the $1_{01\mathrm{l}}\mathrm{g}\mathrm{t}1^{\backslash }\mathrm{i}\mathrm{p}$ condition to MNCLL; and we also call the adaptation silllp as the $1_{01\mathrm{l}}\mathrm{g}\mathrm{t}\Gamma In the long $\mathrm{f}_{\downarrow\Gamma}\mathrm{i}\mathrm{p}$ condition, the well-defined special trip gives the labels to edges as it visits, but the labels do not necessarily order all the terminal edges in the $\mathrm{g}\mathrm{r}\mathrm{a}_{1^{)}}\mathrm{h}$ . Thus one needs Definition 4.7 (1) to get a correct notion. In the stack condition, on the other hand, any well-defined $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\cdot \mathrm{i}\mathrm{a}\mathrm{l}$ trip always order all the $\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{I}\mathrm{I}\dot{\mathrm{u}}\mathrm{n}\mathrm{a}\mathrm{l}$ edges in the $\mathrm{g}1^{\backslash }\mathrm{a}_{1}y\mathrm{h}$ . In this section, we show that any marked D-R graph satisfying the stack condition is a non-connnutative proof net. In wllat follows, when we can uniformly argue in a proof independently of the location of the conclusion nodes of a graph, we $\mathrm{s}\mathrm{i}_{111}\mathrm{p}\mathrm{l}\mathrm{y}$ use a ( $..\mathrm{a}\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{c}.\mathrm{a}\mathrm{l}\mathrm{f}\mathrm{i}\mathrm{g}\mathrm{U}\mathrm{l}\cdot \mathrm{e}\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ the conclusion nodes are spread outside of the graph. $\square$ Theorem 6.9 (Characterization theorem with respect to the marked D-R graph for MN-$CLL)$ A marked D-R graph is a non-commutative proof net iff it satisfies the switching condition and (1) it is strongly planar, or (2) it $sati\mathit{8}fies$ the long trip condition, or (3) it satisfies the stack condition.
Proof. By $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\Gamma \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{S}3.9,4.14,5.5$ and 6.8. 
